
Discrete Mathematics Homework #14 Name: ________________ 
 

Question 1 Find a closed formula for the recurrence relation using telescoping.  

𝑎𝑛 = 𝑎𝑛−1 + 2𝑛 

𝑎0 = 5 

 

  

 

 

 

 

 

Question 2 Find a closed formula for the recurrence relation using telescoping. Hint: divide both sides of 

the recurrence relation by 2𝑛.  

𝑏𝑛 = 2𝑏𝑛−1 + 2𝑛 

𝑏0 = 5 

 

 

 

 

 

 

Question 3 Use telescoping to express the given sequence in terms of the harmonic numbers, where the 

nth harmonic number is given by 𝐻𝑛 = ∑
1

𝑘
𝑛
𝑘=1 . Hint: begin by dividing both sides of the recurrence 

relation by (𝑛 + 1). 

𝑐𝑛 = (1 +
1

𝑛
) 𝑐𝑛−1 + 2 

𝑐0 = 0 

 

 

 

  



Discrete Mathematics Homework #14 Solutions Name: Ishan Khetarpal 

Question 1 Solution 

𝑎𝑛 = 𝑎𝑛−1 + 2𝑛 

𝑎0 = 5 

Let’s rewrite the recurrence relation in terms of 𝑎𝑛 − 𝑎𝑛−1 = 2𝑛. Now we can add terms of the sequence 

for indices 1,… , 𝑛 and telescope: 

𝑎1 − 𝑎0 + 𝑎2 − 𝑎1 + 𝑎3 − 𝑎2 +⋯+ 𝑎𝑛 − 𝑎𝑛−1 = 21 + 22 + 23 +⋯+ 2𝑛 

Cancelling terms, we get: 

𝑎𝑛 − 𝑎0 = 21 + 22 + 23 +⋯+ 2𝑛 

𝑎𝑛 − 5 = 21 + 22 + 23 +⋯+ 2𝑛 

Let 𝑆 = 21 + 22 + 23 +⋯+ 2𝑛. 

𝑎𝑛 = 5 + 𝑆 

We now just need to figure out what 𝑆 is and then we will have a closed formula for 𝑎𝑛. We will use a 

clever trick to accomplish this. Let’s think of 𝑆 = 2𝑆 − 𝑆.  

Then, 

𝑆 = 2(21 + 22 + 23 +⋯+ 2𝑛) − (21 + 22 + 23 +⋯+ 2𝑛) 

𝑆 = 22 + 23 + 24 +⋯+ 2𝑛+1 − 21 − 22 − 23 −⋯− 2𝑛 

Again, by telescoping, we get: 

𝑆 = 2𝑛+1 − 2 

So our overall closed formula for 𝑎𝑛 = 3 + 2𝑛+1. 
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Question 2 Solution 

𝑏𝑛 = 2𝑏𝑛−1 + 2𝑛 

𝑏0 = 5 

If we try to rewrite the recurrence relation as 𝑏𝑛 − 2𝑏𝑛−1 = 2𝑛 we cannot use the telescoping method, as 

adding these terms from 1,2, … , 𝑛 will not have terms that nicely cancel out.  

Instead, we can divide both sides of the recurrence relation by 2𝑛, giving  

𝑏𝑛
2𝑛

−
2𝑏𝑛−1
2𝑛

= 1 

𝑏𝑛
2𝑛

−
𝑏𝑛−1
2𝑛−1

= 1 

These terms will telescope nicely.  

𝑏1
21

−
𝑏0
20

+
𝑏2
22

−
𝑏1
21

+
𝑏3
23

−
𝑏2
22

+⋯+
𝑏𝑛

2𝑛
−
𝑏𝑛−1
2𝑛−1

= 1 + 1 + 1 +⋯+ 1 

Canceling terms on the left and summing on the right, we find our closed formula. 

𝑏𝑛

2𝑛
−
𝑏0
20

= 𝑛 

𝑏𝑛

2𝑛
− 5 = 𝑛 

𝑏𝑛 = (𝑛 + 5)2𝑛 
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Question 3 Solution 

𝑐𝑛 = (1 +
1

𝑛
) 𝑐𝑛−1 + 2 

𝑐0 = 0 

Let’s begin by dividing both sides of the recurrence relation by 𝑛 + 1.  

𝑐𝑛
𝑛 + 1

=
(1 +

1
𝑛
) 𝑐𝑛−1

𝑛 + 1
+

2

𝑛 + 1
 

𝑐𝑛
𝑛 + 1

=
(1 +

1
𝑛
) 𝑐𝑛−1

𝑛 + 1
×
𝑛

𝑛
+

2

𝑛 + 1
 

𝑐𝑛
𝑛 + 1

=
(𝑛 + 1)𝑐𝑛−1
𝑛(𝑛 + 1)

+
2

𝑛 + 1
 

𝑐𝑛
𝑛 + 1

=
𝑐𝑛−1
𝑛

+
2

𝑛 + 1
 

𝑐𝑛
𝑛 + 1

−
𝑐𝑛−1
𝑛

=
2

𝑛 + 1
 

Now we have a representation that will telescope nicely.  

𝑐1
2
−
𝑐0
1
+
𝑐2
3
−
𝑐1
2
+
𝑐3
4
−
𝑐2
3
+⋯+

𝑐𝑛
𝑛 + 1

−
𝑐𝑛−1
𝑛

=
2

2
+
2

3
+
2

4
+⋯+

2

𝑛 + 1
 

Consolidating terms, cancelling, and rearranging: 

−𝑐0 +
𝑐𝑛

𝑛 + 1
= 2(

1

2
+
1

3
+
1

4
+⋯+

1

𝑛 + 1
) 

𝑐𝑛 = 2(𝑛 + 1) (−1 +
1

1
+
1

2
+
1

3
+
1

4
+⋯+

1

𝑛 + 1
) 

𝑐𝑛 = 2(𝑛 + 1)(𝐻𝑛+1 − 1) 

 

 


